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Solving Trigonometric Equations Using Identities

25|

1 1
CSCX =—— secx=—— cotx =——
sinx COSX tanx
sinx cosX
tanx =—— cotx=——
CcOSX sinx
sin?x +cos’x=1 1+tan® x =sec’ x 1+cot® x = csc?

sin(A4+ B)}=sinAcosB +sin Bcos 4
sin(4 —B)=sin Acos B —sin Bcos 4
cos{A+ B)=cosAcos B —sin Asin B
cos|A—B)=cos Acos B +sin Asin B

sin(24)=2sin Acos 4
COS (ZA) =cos® A—sin’ A

X




Math 30-1

Unit: Verifying Trigonometric Identities
Topic: Reciprocal, quotient and Pythagorean identities
Objectives:

e Learn to verify a trigonometric identity numerically and graphically using technology
e Learn to explore reciprocal, quotient, and Pythagorean identities

o To determine non-permissible values of trigonometric identities

o To explain the difference between a trigonometric identity and a trigonometric equation

What is the difference between an equation and an identity?

EZMCH'@(U are Avue ‘\(D\” fome s of X.
Tdentrlies gre tae for all e oF X

Example

2x? + 3 = 11 is an equation. Itis only true for certain values of the variable x. Determine the

solutions to this equation.
axl =9
Xt= 1

(= F4

Example

(x + 1)? = x® + 2x + 1 is an identity. It is true for all values of the variable x. Prove it.

(;m)()(,;;) = Xtalx ot
24 dx 1 = xR 4

Lef hind [ide = Vi?lm" band  side
v = KRuS
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Comparing Two Trigonometric Expressions

1. Graph the curves y = sinx and y = cos x tan x over the doméir;l —360°<x < 360".‘ Graph

the curves on separate grids using the same range and scale. What do you notice?

S COSX 4 x

[N VN
( N7 Go N o

-3
| Theve Hhe same.

2. Use the table function on your calculator to compare the two graphs. Describe your findings.
% NGO > (o, OTHI 12 99
s Pally e Jane, af ooy s EFOC

: £
3. Use your knowledge of tan x to simplify the expression cos x tan x é?'f’ u ?O ’ d/éc‘ - 2 70"

fin X
- (ol
(o)X i X X Cos X

:@ NPV (ox £ 0

4. What are the non-permissible values of x in the equation sin x = cos x tan x?

(ox # O
X# 40 10n, neT




The equations y = sin x and y = cos x tan x are examples of trigonometric identities.

Trigonometric identities can be verified both numetically and graphically.

Numerically

Verify that y =sinx and y = cos x tan x are equal for the following values of .
a x=7x ﬂ4 é]‘(m)
GaT = O

(ot = ()

b) x=60° MM@
oo = 0566 = L

(ry0 #n 6O = 0.%66 = “5

T
0 x=7 /Zac‘{m)
Sz

(%) 20707 = 2

=
(b}(*q)’fm( ) 0.707 = ‘;‘é’

Graphieally

If you wanted to verify graphically that y =sinx andy = cos x tanx are indeed the same thing,
what would you expect to see on your calculator when you enter the two equations?

/(Ll/ ’;LUQ ?r\ﬁ/)}v (/\/ovqffi Ou’C/(ﬂf/- /XF%CC”; > TLL(, $qm€



Example

For each of the following identities, state the restrictions and verify algebraically using the given

values for &.

a. tan@Bcosf=sing for B=rx.

/( fj_ﬁ-@ -0 = sl

Col
cos@# O ij =0

b. cosf(secd-1)=1-cosf for 9:%

e

o (@"l)@ )= [l
/

cwﬁfi o

¢c. cot@sec’@—cot@=tané for 9:%
2 {

4}}@(5?@) T P

Y,
o (aJ ﬂ 5 5,2-—
;;,f?,j{ {cw@ ) )’mﬁ wbgl

5!%@?50

Textbook: pg. 296-297 #1-8, 10-14, 15
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Math 30-1

Verifying Trigonometric Identities

For each of the following identities:
1. State the restrictions on 8, and
2. Verify each identity for the value given.

1. cot@sinf=cos@, 9=-§- 4. cotfsec’@—cotl =tand, 9=%

2. L tmbesco , 0=" 5. —L _sing+sindeot? s, H=%
cos & sind 2
3, secsinf=tand , O=nx 6. sin#scc’@=cscHtan’ @, O=2




7. sin@=tanfcosl , 8=2x

8. cotBsecB:—_L- , ng
sind 6

L 0,
sing cosé 3

10, cosfcscd =cotd, 9:%

11. cos@=cosBcsc’ —cosfcot’F, 6 =%

12. tnf+coth=—— g=
sindcosf 4

[

l+cos@  sind 0 In

13, — = , ="
sin@  1-cos# 2

14. CSC6,=sec:19+csc6' _
1+tand 4




Math 30-1
Unit:
Topic:
Objectives:

Trigonometric Identities
Reciprocal, quotient and Pythagorean identities

¢ Learn fo explore reciprocal, quotient, and Pythagorean identities

o To determine non-permissible values of trigonometric identities

* To explain the difference between a trigonometric identity and a trigonometric equation

Reciprocal Identities:
|

CSCX = ——

sinx
Quotient Identities:
tan 5 = SIBX

cos X
Pythagorean Identity

Mark off a point in Quadrant I that is on the unit circle. Write the coordinates of that point in

SeCx =

cotx =

1
cotx=——
CosSx tan x
Cosx
sin x

terms of sine and cosine. Apply the Pythagorean Theorem in the right triangle to establish the

Pythagorean Identity:
('(og ﬁ? ) Sind)
Vo

N

thagorean Identities: sin® x+cos’x=1 1+tan’x=sec’x
g

— (oSH +sn D =)

—5 cos*0 F i)

These identities can be written in several ways:

. l'_ 2 R
%f emm/lg: sm)x‘ — - (os™X

Gt x
(o) ?_X

Or "V

\

— 8

cos’

O

p—

-

b

|

l+cot’ x=cse x

L
(» X
T

sintx

—

ga\’\l)(




Verifying Identities for a Particular Case:

When verifying an identity we must treat the left side (L.S) and the right side (RS) separately and
——————

work until both sides represent the same value.

This technique does not prove that an identity is true for all values of the variable — only for the

.

value of the variable being verified.

Example
Verify that tanx = TE

cosx
a. Determine the non-permissible values, in degrees, for the equation,

X £ O
— X%?OO»t l?OhJ n< I

b. Verify using 6= 30°.

N
LH5: fan¥0 = 0.577 = >
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e, To an @xpeession i teron of Sin ané (o,
d\ﬁﬁb X/)S{)M%M) olrar methads vork Leffer

Example . .
Express each as a single trig ratio. f?*’\'}( 0!(' l()‘?}'/’ ”l )f a fﬂﬁ/’HMQ fot\fhl .
a. (sv.acél)(sin2 9)(csc 9) b. sinx +cot xcosx

£ X ‘
L L §INK o+ ;—%X «Cas Y
T op fnd ot

] /’—‘—h‘—"‘\ \ i
- gf‘ﬂga”@ Cd‘)ﬂ é — ‘fl‘ﬁ‘l?‘( + C0>LX _ _\ X - C«S(. X
T T S “osax |
sin® x |
+1

c. secxsin’x—secx d.

| 2 e cos’ x
LSt ,
(o5 (3K fin*x 7!

_ otntx — _ (o5 ?
BN S e = [ Sec” x )

Cos X O
:Zl — (23X \ )
. 1+cot” x
€. Secx —secx f.

sec’ x

_ e

sect X

WP\C‘;&TL

= Cosz?(

Textbook: pg. 296-297 #1-8, 10-14, 15
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Math 30-1

Unit: - Trigonometric Identities
Topie: Proving Identities
Objectives:

» To prove trigonometric identities algebraically
¢ To understand the difference between verifying and proving an identity

o To show that verifying the two sides of a potential identity are equal for a given value is

insufficient to prove the identity

To prove that an identity is true for all permissible values, it is necessary to express both sides of

the identity in equivalent forms. One or both sides of the identity must be algebraically

manipulated into an equivalent form to match the other side.

You cannot perform operations across the equal sign when proving a potential identity. Simplify

the expressions on each side of the identity independently.

Hints in Proving an Identity:

L.
2.

Begin with the more complex side
If possible, use known identities given on the formula sheet, (ie. try to use

the Pythagorean identities when squares of trigonometric functions are

involved)

. If necessary change all trigonometric ratios to sines and/or cosines, eg.

sin x
replace fan x by

, Or sec x by .
cosx oS X

. Look for factoring as a step in trying to prove an identity.

5. If there is a sum or difference of fractions, write as a single fraction

. Occasionally, you may need to multiply the numerator or denominator of

a fraction by its conjugate.

It is usually easier to make a complicated expression simpler than it is to make a simple

expression more complicated.

13




Example

—COS X = sin xtan x

Consider the statement
cosx

Q
>0
a. Verify the statement is true for

L.S. R.S.

- 3-3 g a8
Z 2
/—_"\6’- . 3.3"
- ——:,"‘ —

b. Prove the statement algebraically:

L.S.
2
[ (o> »

- CasX (o3 X

c. State the non-permissible values for x. Work in degrees.

Cos ¥ £ O
(X £ 90 - 1500, acT]|
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Example

Prove the following identities. You should also be able to state restrictions for each identity.

2tan x
1+tan® x
Sinx

‘9 a;-;‘;{ — fn‘f\ﬂx

=sin2x

Sec " x
25X

b
— Coo X -

‘/C051)<
RS X Ccaé,?/( - 5,\/\’5\)(

i

Cay X
smx €22 X
25mx(esx = 25wnx (ol X

. fc!mﬁ‘%ry |

1--( 1+sin

== g——é Cte?
c. € 1-sind) cos’ 4 (-0“)“3“}6\

(}45,\4.‘}) [ 45V A
(4277

((’.smﬁ)(f*rﬂhﬁ) Tt

Sm Z)(

= S 27{

{.}jw’)/‘)

Costl)

Fen 0

sinf+tand [ 1 o
1+cosd [cotd

- J el
sin@ o

¢ a0

d _tan9=1~tan9
1-cotd
- 510l [ th)
— tos
P T O

ffﬂ}{_
A (21 —s0)(sm¥)
ol (5m(l~—ca;}i)35@@)




sin@ +cosf sec” & 2 |

. =sinfcosd f. > =csc' 4
csc @ +secd sec -1
. ‘Z' ] .2 .
SolHOC RS AR .
A - : :
! — fan*fl

Example
Prove that 22 cosx-1 = is an identity.
2cos"x—T7cosx+3 cosx-3
. S/ ryte

G’y o ~(oeox 13D
~cux(diosx=1) - 3(en )
(¢oox=3)(d Lok~ 1)

QM o
T (ox-3Nesir) T i
| |

—F | — .

(wx-3 = (@A77

e-what-values of x is this identiﬁy uﬁdeﬁﬁedb/ S | Al
Cos x = 52 o (63 X = 72 c
e _ a2
% (=40 o] T

Textbook: pg. 314-315 #1-8, 10-15, 16-18 & proofs worksheet on following page
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Math 30-1
Trigonometric Proofs

Qver

D°)M€ ) }/M he . Cleck it me it %02 wond Fo

MMC

On a separate piece of paper, algebraically prove each of the following identities by using any
combination of the basic relations. You do not have to state the non-permissible values {(even
though you should).

1.

2.

10.

11,

12.

13.

14.

15.

16.

cot@sind =cosf

1
cos @

=tan & cscl

. secAsin@=tand

sin@ =tanfcos &

cot@sect?:—_l--
sin ¢

1 cotd

sin &

cos &

cosfescld =cotd

1 tand
cosf sinéd

csc? @ (1 —cos? 9) =1
1=cos® 0(1 +tan® 9)
sin 9(1 +cot? 9) =csch

cosd = sec@(l —sin* 9)

sin @(cscd —sin#) = cos’ & |

sin” 8 = cos 9(3609 —cos8)

1

tan #(cot @+ tan 0) = — 5
coS

cot’ @ = cscf(cscf—sin )

17

17.

18.

19.
20.

21,

22,

23.

24,

25,

26.

27.

28.

29.

30.

31.

32.

cot@sec’ O—cot@=tanf

1 . .
——=sinf+sinfcot’ &
sin &

sin@sec? @ =cschtan’ 8

cos @ = cosfesc? §—cosbeot’ 6

tan & +cotd = — !
sin&cosé

1+cosé@ siné@

sinf B 1-cosd

secd +cscl
l1+tand@

cscl =

cos® Gesc® Otan® @ =csc? 8—cot’ &

1=tan? Bcos® @ +cot? Psin’ ¢

COS X cosx
- —=2secx
l+sinx 1-sinx
. 2 1—cos2x
sin” x = ———
2

. . 2
1+sin2x =(sin x +cosx)
sin2x =2cot xsin’ x

1-tan® x
cos2x =

1+tan®x

secix=—"—
1+cos2x

1+cos2x
———————=cotx
sin2x

have.
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Math 30-1

Unit: Trigonometric Identities
Topie: Sum, difference and double angle identities.
Objectives:

» Learn to apply sum, difference, and double-angle identities to verify the
equivalence of frigonometric expressions
o To verify a trigonometric identity numerically and graphically using technology
Example

. Use exact values to verify the following statement:
Xact valu

sin (60 +30)° =sin 60°cos 30°+sin 30° cos 60°

LS. =

' 9 | (
ff«\[q0> - 'i' ‘%

Sum and Difference Identities:

sin{ A+ B) =sin 4cos B+cos Asin B
sin(A - B) =sin Acos B~cos Asin B
cos(A+ B)=cos Acos B—sin Asin B
cos(A— B)=cos Acos B+sinAsin B

tan(A+ B) = tan A+tan B
l1-tan Atan B

an(4— B) = tan A—tan B
' l+tan Atan B

These are on the formula sheet
e —— T

19




NN
73 L -
2 T (ol -f) rdatl

Example: Write the expression cos 88° cos 35°@in 88°sin 35° as a single

trigonometric function.
- (ol (g y—25 )

]S Sat jn 0w Spetla /fi/‘,mJL?J
W (on e ot 7‘/\%71

Example: Find the exact value of sin15°

ginls = (in(4S -30)

—— j’mL{S(@)’}O — Co S S)W‘BO \f/-
T N 2 - f T2 T g

Example: Determine the exact value of co. 6 TT

6"

3\

: (”a/%+ %)

x
E
S Fwf 4Bing = aVTVE]

-

<\

!

6@{) T ke = E, — ? -
mt‘)'fffluﬁ 26/ 282

Example: Simplify each

o F foo
a) sin100° cos10° —sinl0° cos100°. b) cos(-’f—a)
2
= SM(‘OO 19) = COSJICQ);ZS t Jin 155”’?@/

= 54O D
_ L’;ﬁf’gf

= |

¢) sin(7 +x)-sin (7 —x)
(J.Y\'W(,OS X t (w TTS'i"ﬂx) "-(

wm + (O TSINX -W 4 CuTISMm Y

A SmX 20

T (% — (osTISMAX )




GnA= 2 smh= b—!—%

2=l L
5 Ny , STy S
A )
3 g -
63 5 Q\ Qv
Example: Given cosAz%and cosBz—S—,where OSAsg and §§—$352fr,ﬁndthe exact
hyjp
value of cos(4+B).
_____—‘—’
3.5 _ 4 -2
s 2 5
1S 43
-t -
b3 6>

21




Double Angle Identities:

sin2A=2sin Acos A
cos24=cos* A-sin* 4
2tan A

tan24= >
1-tan” 4

These identities are on the formula sheet

Example
Express each in terms of a single trigonometric function:
G =X
a. 2sin4xcos4x
= S v 0’2 P
=[ s Bx
O " _‘_
A = 77R

b. coszlA—sinzlA
2 2
—y COJ;)(%FO

C. Sin%xcos%x Nmt 'H“M/ j“,?ZQ - ?/Si\r)ﬁ(;db,/?
ffj_\_%_ﬁ‘ = ‘&—mA'COJ@

A 9.52— X dlerefore - 2
& —
}‘,\,,Q(% X)

22




Example

Determine an identity for cos2.4 that contains only the sine ratio.

¥ (28 = Ch — IMmEA
= 2
1\§ cordt = | —gn?h —amA
P e
gcv cos) B = | = dsHA
) e
i\é\’ Example
N Determine an identity for cos2.4 that contains only the cosine ratio.
i'_\j COJZ/'}".L (/QJZH‘ '-‘"‘II.Y\Z/Q
Pl .b ‘ 2[@
S5 aee catp - (1m e ®)
%’Q Cos) A= Cojz,ﬁ)—-”—frCOJz/Q
R & ?
y = (032LA— Heas'— )
— T
Example
Simplify the expression to one of the three pfimary trigonometric ratios
cos2x+1
A ' Y -_/'/-E:::_'f/
_ ASinX (esx $in X ,
Dol ZX cCaBX -~ /

Textbook: pg. 306-308 #1-11, 15-17, 20, 23
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Math 30-1

Unit: Trigonometric Identities
Topic: Solving Trig equations using Identities
Objectives:

o To solve trigonometric equations algebraically using know identities
* To determine exact solutions for trigonometric equations where possible
o 1o determine the general solution for trigonometric equations

» To identify and correct errors in a solution for a trigonometric equation

Investigation
1. Graph the function y = sin 2x — sinx over the domain —720° < x < 720°. Describe the

graph. "2

A
/r

% 3O

7%'20
@
,ﬂeﬁmﬁln haf

14 £

2. From the graph, determine an expression for the zeros of the function over the domain of all
_F_————_”M*_‘H*_\_

| » ’xf@o +30 N, 0T )
il "

real humbers.
e ————

X: 190 , nt LT

[x=300+ 7000, NEL

3. Algebraically solve sin 2x — sinx = 0 over the domain. Compare your answers to the

question above.
= denxcesx =Siax =
> Qo x~ 1) = O

A
ol (/X = 77
25

- Sk =

of 300"




To solve some trigonometric equations, you need to make substitutions using the trigonometric
identities that you have studied in this chapter. This often involves ensuring that the equation is

expressed in terms of one trigonometric function.

Example
Solve the following equation whe

2cos’ x—3sinx=0
y?(l - Sin'x ) = iy = U
g = Asimlx = Dsmx = |
e :
(';)s‘* 2X rLsmnmX -2 < 5
0 “(Qm = SnK)T Wsix - 2)
E 5m><(,95m><-’> r ALsix =0

—

- v -
o = (smx +2) (350« ))/5 v T %
Sinx=-2 g X =

™A S , A
Example TIC

Solve for x as an exact value where 0 < x < 27

N\

3—3sinx—2cos’ x=90
7 - 350X “’2(\'9“ <) =
7 B5ox 2+9a\n>< ;0

_ ~— $ -2 .2
N lex-———’ﬁfmx - -

<V7fm % Qd'”xv <mx~r}>'c)

E’mx(m»(— D (groe=1) =




Example

Solve the equation sin®x = Ztanx cosx algebraically over the domain 0° <.x < 360°.

siafx = % %2)5;@5 v
5,‘?‘\?')( = j,ﬂh)\/
gsintx = SmX
QJ')\"‘Z‘X — X = @

L‘n%(ﬂﬁ"x -1) =0

ﬁ Srak 9"12'

Sm570

Verify your answer graphically,

‘.;70 OO

27




Example )
Algebraically solve cos 2x = cos x. Give general solutions expressed @s exact values.
Jeosx — 1 = cox
Aoy x = Cosx~] =0
(&(osax - (:]C(’))} 'i((,i)l/‘ ‘p;: :O .
Atosx( (oSX — I) t | ((W(M)
' =

Example
Algebraically solve 3 cos x + 2 = 5secx. Give general solutions expressed in radians as exact

values. - '

, ity Peerdthine, L X

| 5 _ - - — Mu/ﬁf/} (,W7f /9 ny CasX
oI X F &3’;( — 2

Beosx + 2L 7 (Cosx
- e & Wﬁ . "'5‘
Yeosin # Aesn —S = < S °

C’jw Zx —3Cos ,>r> {5‘(@«5% Y =N | /’7&

Pt

Fom(Cox - 1)+ S(con=D = ©

X0
| N x-DE=20
I

Unless the domain is restricted, give general solutions. Check that the solutions for an equation
do not include non-permissible values from the original equation.

Textbook: pg. 320-321 #1-11, 14-16, 17
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